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Abstract 

In the two loop approximation, a renormalization group analysis of the Higgs boson mass is 
performed based on the condition — {J)/'i)g''^ — 4A for SU(2)l, U(1)y gauge and the Higgs 
quartic coupling constants, respectively. This condition is introduced in the new scheme of our 
noncommutative differential geometry (NCG) for the reconstruction of the standard model. However, 
contrary to SU(5) GUT without supersymmetry, the grand unification of coupling constants is not 
realized in this scheme. The physical mass of the Higgs boson depends strongly on the top quark 
mass mtop through the Yukawa coupling of the top quark in the /3 functions. The two loop effect 
lowers the numerical value calculated within the one loop approximation by several GeV. The Higgs 
boson mass varies from 150.25GeV to 167.15GeV corresponding to 169.34GeV < mtop < 181.02GeV. 
We find = f58.18GeV for mtop = 175.04GeV and mn = 166.12GeV for mtop = 180.34GeV. 



1 Introduction 

The Higgs mechanism is essential for any spontaneously broken gauge theory. Its presence ensures the 
renormahzabihty of the theory and makes the theory realistic by giving masses to particles, such as gauge 
and matter fields, through the vacuum expectation value of the Higgs boson field. The standard model in 
particle physics also involves the Higgs mechanism and shows remarkable agreement with existing data. 
After the discovery of the top quark in 1994, the only undetected particle in the standard model is the 
Higgs boson. Now, studies concerning the Higgs boson search are being conducted in both theoretical 
and experimental settings and it is expected that the Higgs boson will be discovered within a decade in 
future experiments at Fermi-Lab and CERN. 

Many models (most notably, the technicolor model, the Kaluza-Klein model and recently the approach 
based on noncommutative differential geometry (NCG) on the discrete) have been constructed for the 
purpose of understanding the Higgs mechanism. Among these, the NCG approach, originally proposed 
by Connes Q, provides a unified picture of gauge and Higgs fields as a generalized connection on the 
principal bundle with the base space M4 x It should be noted that the NCG approach does not 
demand any physical modes other than the usual one. 

Many versions of the NCG approach have appeared since Connes's original presentation, and the 
standard model has been successfully reconstructed using these approaches. The characteristic feature of 
the reconstruction of the gauge theory in the NCG approach is to impose restrictions on the gauge and 
the Higgs quartic coupling constants. This is because the gauge and Higgs fields are represented together 
as a generalized gauge field. These restrictions yield numerical estimates of the Weinberg angle and mass 
relations involving the gauge boson and other particles, such as the Higgs boson and top quark in tree 
level. Several works have appeared ^ ^ estimating the quantum effects of these relations by assuming 
them to hold at some renormalization point. 

The present author has also proposed an unique formulation based on a NCG |, |. Our formulation 
using a NCG employs a generalization of the usual differential geometry on an ordinary manifold to the 
discrete manifold M4 x The reconstruction of SO(IO) GUT and the left-right symmetric gauge model 

*e-mail address: okum@isc.chubu.ac.jp 



Q had already been performed using our NCG scheme. In a NCG on M4 x Z2, the extra differential one- 
form X in Z2 is introduced in addition to the usual one-form dx^ in M4, and therefore our formulation 
is very similar to ordinary differential geometry, contrastingly, in Connes' original scheme the Dirac 
matrices 7^ and 75 are used to describe the generalized gauge field. In a NCG, the gauge field and the 
Higgs boson field are given as coefficients of dx^ and x, respectively, in the generalized connection on 
M4 X Z2. However, there is no symmetry to mix dx'^ and Xi and, therefore, the ordinary gauge field 
cannot be transformed into the Higgs boson field. In Ref. the reconstruction of the standard model 
is successfully carried out based on a new scheme of our NCG. Three generations of fermions, including 
left and right-handed quarks and leptons, are incorporated. In addition, the stronginteraction is nicely 
included in this scheme. The relations = (5/3).g'^ = 4A are introduced in Ref. (s), where g,g' and A 
are SU(2)l and U(1)y gauge coupling constants and the Higgs quartic coupling constant, respectively. 
However, the grand unification for gauge coupling constants is not achieved in this scheme. The former 
part of this relation leads to sin^ 6'w — 3/8, and the latter part leads to the mass relation = \/2mw We 
assume that the relations g^ = (5/3)g'^ = 4A hold at one renormalization point. With this assumption, 
we can perform the renormalization group analysis of the running coupling constants g, g' and A, and the 
physical Higgs boson mass can thus be estimated. Within the one loop approximation, this analysis was 
carried out in Ref. js). In that context, we found mn = 164.01GeV for mtop = 175GeV. In this article, 
we will perform the two loop analysis of the Higgs boson mass using the same method. 



2 The review of our NCG on M4 x Z2 

We first briefly review our previous formulation [||, because it is not well-known among particle physicists. 
For a detailed description, we refer the reader to Ref. 

Let us start with the equation of the generalized gauge field A{x, y) on the principal bundle with the 
base space M4 x Z2, 

■^{x,y) ^^al{x,y)da^{x,y) +^bl{x,y)dbj{x,y), (2.1) 

i 3 

where ai{x, y) and bj{x, y) are square-matrix- valued functions and are taken so as to commute with each 
other, because a|(j:, y)dai(x, ?/) is the flavor sector, including the flavor gauge and the Higgs fields, 
while J2j bl{x,y)dbj{x,y) corresponds to the color sector. The indices i and j are variables of the extra 



internal space which we cannot identify. The operator d in Eq. (2.1) is the generalized exterior derivative 
defined as follows: 

d = d + d^, (2.2) 

dai{x,y) = di_,ai{x,y)dx^ , (2.3) 

d^ai{x, y) ^ [~a,{x, y)M (y) + M {y)a,{x, -y)]x, (2.4) 

dbj{x,y) = d^,bj{x,y)dx'', (2.5) 

d^b,{x,y) = 0. (2.6) 

Here, dx^ is the ordinary one-form basis taken to be dimensionless in Minkowski space M4, and x is 
the one-form basis also assumed to be dimensionless in the discrete space Z2. We have introduced the 
x-independent matrix M{y) whose hermitian conjugation is given by Af(y)t = M{—y). The matrix M{y) 



determines the scale and pattern of the spontaneous breakdown of the gauge symmetry. Thus, Eq.(2.6) 
implies that the color symmetry of the strong interaction does not break spontaneously. 

Using the algebraic rules in Eqs.( |2.2| )-(2.6) and the shifting rule invoked in Ref. A{x,y) can be 
rewritten as 

Aix, y) = A^{x, y)dx'' + ^x, y)x + G^,{x)dx^', (2.7) 

where 

At,{x,y) ^^al{x,y)df,a^{x,y), (2.8) 

i 

•Pix, y)^Y. (-«^(^' y)M{y) + M{y)a^{x, -y)) 

i 

^ al{x,y)dyai{x,y), (2.9) 
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G^{x)=Y,bl{x)d^b,ix). (2.10) 

3 

The functions Afj,{x, y), <?(x, y) and here are identified with the gauge field in the fiavor symmetry, 

Higgs fields, and the color gauge field responsible for the strong interaction, respectively. The gauge 
transformations of these fields are well defined in the usual manner and it follows that 

Hix,y)^<Pix,y)+Miy) (2.11) 

is an un-shifted Higgs field whereas <l>{x, y) denotes a shifted Higgs field with vanishing vacuum expecta- 
tion value. The nilpotency of d is proved using Eqs.(2.2)-(2.6) along with another algebraic rule in Ref. 

i- 

With these considerations, we can construct the gauge covariant field strength, 

T{x,y) = F{x,y) + g{x), (2.12) 
where F{x,y) and g{x) are the field strengths of flavor and color gauge fields, respectively, and given as 

F{x, y) = dA{x, y) + A{x, y) A A{x, y), 

g{x)^dG{x)+gsG{x)AG{x). (2.13) 



Using the algebraic rules defined in Eqs.(2.2)-(2.6), we have 



1 

2' 

+D^^{x,y)dx'' Ax + V{x,y)xAx, (2.14) 



Fix,y) = -F^^{x,y)dxf' Adx" 



where 



Ff^,^ix,y) = df,A^{x,y) - di,Af_,{x,y) 

+ [A^{x,y),A^{x,y)], (2.15) 
D^^ix, y) = d^,^{x, y) + A^ [x, y){M{y) + ^{x, y)) 

-{<P{x,y)+M{y))A^{x,~y), (2.16) 
Vix, y) = {-^{x, y) + M {y)){'^{x, -y) 

+M{-y))-Y{x,y). (2.17) 



The quantity Y[x,y) in Eq.(2.17) is auxiliary field and expressed as 

Y{x,y) = ^aI(a;,y)Af(y)Af(-2/)a,(x,y). (2.18) 

i 

This function may become a constant field in the present construction. In contrast to F(x,y), g{x) is 
simply denoted as 

Gix) = ^G,,,ix)dx'' Adx" 

= l{d^G,{x)-dM,{x) 

+g,[GJx),GJx)]}dx^^ Adxr (2.19) 



With the same metric structure as in Ref. ||5|] we can obtain the gauge invariant Yang-Mills-Higgs 
Lagrangian (YMH) 



>CYMH(a;) = -Ti^ ^ < T{x,y),J^{x,y) > 

= -TrJ^ 2l^i^^.(x,2/)F^"^(x,y) 
y=± ^ 

+TTj2iiD,<P{x,y))^D^<P{x,y) 



y=±3 



3 



-TrY^ V\x,y)V(x,y) 

-T^^Y.^GU^)^"'^^)- (2-20) 

y=± 

Here, Tr denotes the trace over internal symmetry matrices including the color, flavor symmetries and 
generation space. The third term on the right-hand side is the potential term of the Higgs particle. 



3 An numerical estimation of the Higgs boson mass 

In reconstructing the standard model in the present scheme, three generations of left and right-handed 
quarks and leptons together with the strong interaction must be taken into account. A characteristic 
point of this formulation is to take the left and right-handed fermions ^{x^y) with arguments x and 
y{= ±) in M4 and Z2, respectively, as 



/1\ 

ul 
dl 



il){x,- 



g 
< 



dl 
di 
di , 
Ve„7 



(3.1) 



where the subscripts L and R denote the left-handed and right-handed fermions and the superscripts r, g 
and b represent the color indices. It should be noted that ip{x, y) has an in dex for the three generations, as 
do the explicit expressions for fermions on the right-hand sides of Eq. (3.1). Thus, 'ip{x, ±) is a vector in the 
24-dimensional space. In order to construct the Dirac Lagrangian of the standard model corresponding 
to^{x,±) in Eqs.([3.l[), we need a 24-dimensional generalized covariant derivative composed of gauge and 
Higgs fields on A/4 x Z2. The gauge fields ^^(x, y) and G^(x) in this covariant derivative must constitute 
the differential representation of the fermion fields in Eqs.( 3.1), and therefore they are expressed in 24 x 24 
matrix forms. The Higgs field ^{x, y) is also taken to give the correct Yukawa interaction in the Dirac 
Lagrangian and is expressed as a 24 x 24 matrix ( see Ref. Q for details). We find Yang-Mills-Higgs 
Lagrangian for the standard model as follows: 



_i (f'^ )^ ^-fi"^ 
fc=i 

+ \D^h\'' - X{h^h- 
1 ^ 

a=l 



(3.2) 



where 



D'h=[d,-lC£ r'gAl^ + g'B, ) ] h, 



(3.3) 
(3.4) 



0+ 



(3.5) 
(3.6) 



with the following restrictions for coupling constants: 



12' 



20' 



5! 

48' 



9^ 
12 



(3.7) 
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Equation (3.7) leads to the relation between coupling constants: 

5' = ^/=4A^g,^ (3.8) 

which implies that the weak, electromagnetic and Higgs quartic coupling constants become equal and 
also yields sin — 3/8 for the Weinberg angle as well as the mass relations 

2^22 2^22 2^22 In c\\ 

m„ = ^9 V , m^^-g V , m^^ -g v . (3.9) 

with the vacuum expectation value of the Higgs boson v. These relations hold only at tree level. Here, 
we assume that these relations hold at a renormalization point and consider their quantum effects by use 
of the renormalization group (RG) equations. 
With the notation 

9l 9^ 5 A 

for SU(3)c, SU(2)l and U(1)y gauges and the Higgs quartic couphng constants, respectively, the RG 
equations for these coupling constants are expressed as 

(* = 1,2,3), M^=/3h, (3.11) 

where the /3-functions in the right hand sides are given in Ref. |9j in the two loop approximation. The 
Yukawa coupling constants of quarks written in 3 x 3 matrix form in three generations are included in 
these /3-functions. We now assume the top quark mass is dominant in the evaluation of the RG equations. 
Masses of all particles in the standard model are introduced through the vacuum expectation value v of 
the Higgs field. In this context, the running masses of gauge and Higgs bosons are defined as 



mw = ^/¥a2V, mn = ^/%^fQZv■ (3.12) 
The top quark mass is also expressed as 

TOtop = \/2tux^v, (3.13) 

with the Yukawa coupling constant ay whose RG equation is also given in Ref. ^ . The RG equation for 
V is also given in Ref. in the two loop approximation. 

The RG equations for (i = 1, 2, 3), ttn, Oi^ and v are highly non-linear equations with complicated 
coupling. In order to solve these equations, we need six conditions. Four of these conditions, those for 
ai (i = 1, 2, 3) and u, are given experimentally as Q 

ai(0) = 0.017, a2(0) = 0.034, 03(0) = 0.12, 

w(0) = 246GeV, (3.14) 

at = mz with the variable t = log(/i/TOz). Th at is , these conditions are given at the neutral gauge 
boson mass TOz = 91.187GeV. According to Eq.( ^.lg ), the physical top quark mass mtop satisfies the 
equation 

mto-p = y27ra7(itop)w(itop), (3.15) 

where ttop — log(mtop/TOz)- This equation constitutes one condition to solve the RG equations. The 
remaining condition is 

a2(io) = ai(io) = 4aH(io), (3.16) 

where Iq is a constant, fixed in the numerical calculations. The value of determines the energy at which 
the weak, electromagnetic and Higgs quartic interactions are unified. With these considerations, we can 
find the running Higgs boson mass from Eq.(3.12) as 



TOh(0 = yJS^a^{t)v{t). (3.17) 
The physical Higgs boson mass mn is determined by imposing the condition that 

mn = ^%^a^{U)v{t^) (3.18) 
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with in = log(r7iH/mz). 

The top quark mass has a considerable effect on the Higgs boson mass through Eq.(|3.15|). The top 
quark mass mtop reported in a review regarding work on the top quark [ p^ is given as 



itop = 175 ± 6GeV. 



(3.19) 



We investigated the Higgs boson mass by varying the top quark mass in the range of Eq.( 3.19 ). Table 1. 
shows the physical Higgs boson mass versus the top quark mass. Compared with the one loop analysis 
of the Higgs boson mass in Ref. two loop effects lower the numerical values by around 6GeV because, 
for example, ttih = 164.01GeV for mtop — 175GeV in the one loop analysis. This difference seems crucial 
since a Higgs boson with mass below 160GeV could not decay into W+W^ and also experiments designed 
to search for the Higgs boson depend greatly upon the present analysis. It should be noted that owing to 
the unitarity requirement, mtop cannot exceed IQOGeV because A would become minus at a much higher 
value of t in such a case. 

It is interesting to investigate the running of the gauge and Higgs quartic coupling constants, because 
these coupling constants are unified at a point to as shown in Eq.( 3.1(j ). FIG. 1 displays the running of 
the three coupling constants. 



Table 1. Higgs boson mass versus top quark mass. 



top quark (GeV) 


Higgs boson (GeV) 


169.34 


150.25 


170.39 


151.50 


171.74 


153.40 


172.68 


154.76 


173.63 


156.12 


174.34 


157.14 


175.04 


158.18 


176.44 


160.24 


177.37 


161.61 


178.29 


163.00 


179.65 


165.07 


180.34 


166.12 


181.02 


167.15 




10 20 
f=log( M/ffiz) 



4 Conclusion 



Fig. 1: The running of the three coupling constants. 



In this paper, we have determined the Higgs boson mass by numerically solving the renomalization group 
equations with the relation between coupling constants Eq.(3.8). It is introduced in the reconstruction 
of the standard model based on our new scheme of NCG ^7 We assumed that Eq.( ^.8[ ) holds at a 
renormalization point tg. However, this leads to an interesting result that the weak, electromagnetic 
and Higgs quartic couphng constants become equal at to as shown Fig.l. In the case of itop = 175.04, 
to ^ 26.635 which amounts to n = 3.37 x lO^GeV. 

We obtain 150.25 < mn < 167.15 in the range of top quark mass 169.34 < mtop < 181.02. We hope 
that this result will be useful for experiments searching for the Higgs boson. 
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